ative? A General A
Probabilistic Likelihood Ratio Estimation with

Negative Weighted Data
13-06-24

S.Jiggins (DESY)
M.Drnevich, Judith Katzy, Kyle Cranmer

HiDA

HELMHOLTZ


https://www.helmholtz.ai/themenmenue/news-events/news/news/article/30058/index.html

Quasi-Probabilistic Distributions

— Quantum mechanical systems are unique, in that there are
objects that can be interpreted via quasi-probabilities that have
‘probabilistic-like terms’ that can be negative :

|(I)1(X) + CI)Q(X)l = |(D1(X)|2 + |(Dz(X)|2 + 2K(®1(X)®*2(X))

DIFFRACTED LIGHT
FROM SLIT A

INTERFERENCE
PATTERM

= —
—
——

—
- —
L —

SINGLE SLIT
DOUBLE SLITS

DIFFRACTED LIGHT
FROM SLIT B )

“It is usual to suppose that, since the probabilities of events must be positive, a theory which gives negative
numbers for such quantities must be absurd ... By discussing a number of examples, I hope to show that
they are entirely rational of course, and that their use simplifies calculation and thought in a number of

applications.”

- Richard Feynman, Negative Probability https://cds.cern.ch/record/154856



https://cds.cern.ch/record/154856

Quasi-Probabilistic Distributions

— Quantum mechanical observations of an observable (G) are
nothing more than averages of all states that contribute:

(WIGIy) = Te(6G) = [ ) / " W (e, p)g(a, p)dadp
— — 0o | )

Quasi-probability density (Wigner)
function:
-00 < W(X,p) <o

Remark!
The probability of an observation i
of observable G, p(G;), will always
be positive.

— Gleason’s Theorem




Quasi-Probabilistic Distributions

— Quantum mechanical systems are unique, in that there are
objects that can be interpreted via quasi-probabilities that have
‘probabilistic-like terms’ that can be negative :

ML4NW — ggHH SMEFT Warsaw Basis preliminary

100F
i mn SM

w k m
H : 1 SM (+ve)
%/ s m i SM e

I SM+SMx6dim

h 60 | 1 SM+SMx6dim (+ve)
%5%% : Im 71 SM+SMx6dim (-ve)
40

proton h proton 20 -
- TR
U .
z o —20
i i i (*binszg;;:d) Chxin | CH Cur | Cha A
M = Mgsm + Maime + M gi62 —40 @ SM 0 o T o | 0 [1Tv
| : i 1* 4.95 —6.81 3.28 0 1 TeV
60 L l_ 3* 13.5 2.64 | 12.6 | 0.0387 | 1 TeV
° . - B 6* 0.561 3.80 2.20 | 0.0387 | 1 TeV
— Quantum mechanical observations of an observable (G) are —
Q ( ) 500 1000 1500 2000 2500

nothing more than averages of all states that contribute: iy [GoV]

WIGI) = Tr(pC) = / ) / " W(a,p)g(e, p)dedp
—00 J —o0 /

Quasi-probability density (Wigner)
function:
-00 < W(X,p) < o0



Quasi-Probabilities: The negative weight problem

Synthetic Data Generation: Monte Carlo

A
FOOR e .
X ‘
IR V— o=
o f 4
I e ST Foin
(1) Uniformly sample points, x = (xj, ..., Xi),
uniformly on [a@,b] ® [fimin, fmaxl:

fS()_C) € Umin, fmax]

v

(2) Accept event based on:
J@) <If(x)l

(3) Assign a weight to the event:
Wsi= +1

v

(4) Repeat



Quasi-Probabilities: The negative weight problem

Synthetic Data Generation: Monte Carlo

L S ;
Parameter updates of a neural network use the "
weighted loss during backwards propagation:
Bia -
L — >
@ W ...... } ................................. Z:>
ACliUﬂliDn f(X) h o m e S e A AR R A A R A NS A AR AR EEEEEE NS EEEEEEEEEEEEEEEEEEEEEEEESEEEEEEEEEEEE fmin
function
o—=(>>
tals " ‘ (1) Uniformly sample points, x = (xj, ..., Xi),

g uniformly on [a@,b] ® [fimin, fmaxl:
s f(x) € [fmin, frnan]

o—( |

Synaptic
weights (2) Accept event based on:
« £:00) < If o)
N,
L L Z w; - Vol(s(x;:0), ;) (3) Assign a weight to the event:
Wsi= +1
(4) Repeat



A Fundamental Conflict of Statistics,
Probability, and Information

Activation
function
Input | ( s utput
signals #() s(X)
= v
. : ¥ e
junction //
Ly O //
_ Synaptic //
weights S
//

— Output of the neural based probabilistic models are ~ p
concerned only with the s(x) € (0, co)

[1] A. Kolmogorov, Grundbegriffe der wahrscheinlichkeitsrechnung, 1 (Springer Berlin, Heidelberg, 1933), pp. V, 62.
[2] D. S. Modha and Y. Fainman, "A learning law for density estimation,

vol. 5, no. 3, pp. 519- 523, May 1994, doi: 10 1109/72. 286931

"in IEEE Transactions on Neural Networks
2o 1 FansaCuons on iNeurair iNCIWOTKS,

Statistics & Probability Theory
In probability theory the probability triplet
(Q, F, P) adheres to 3 Kolmogorov!'! axioms
with the most relevant being axiom 1:

P[XeA]:fd"x

px=0V x

|
\/

Information & Measure Theory

Entropy-based measures:
Average level of information/surprise
inherent to a random variables outcome (in
F-space):

=— [ py(x)log(p,(x))dx




A Fundamental Conflict of Statistics,
Probability, and Information

Activation
function
12 @ 0O
Input | ' utput
I ) . ﬁ-
] | A ‘P( } S(X)
L ]

junction

Synaptic
weights

— Output of the neural based probabilistic models must  p
allow for s(x) € (-c0, 00)

[1] A. Kolmogorov, Grundbegriffe der wahrscheinlichkeitsrechnung, 1 (Springer Berlin, Heidelberg, 1933), pp. V, 62.
[2] D. S. Modha and Y. Fainman, "A learning law for density estimation,

vol. 5, no. 3, pp. 519- 523, May 1994, doi: 10 1109/72. 286931

"in IEEE Transactions on Neural Networks
I ioos 2TansaCuons on iNeurar iINCIWOTKS,

Statistics & Probability Theory
In probability theory the probability triplet
(Q, F, P) adheres to 3 Kolmogorov!'! axioms
with the most relevant being axiom 1:

P[XeA]= ‘d"

OOOO>

|
\/

Information & Measure Theory

Entropy-based measures:
Average level of information/surprise
inherent to a random variables outcome (in
F-space):

=— [ px(x)log(p,(x))dx




Context: Likelihood Function

— Likelihood function is key to the scientific method:

L(0]z) = po(z) = P(X = a[0)

— This is due to its prolific use in statistical inferencing problems via

its ratio form:
L(6,]|x)

r(x|f.02) =

Domain Adaptation

— Pi(x) —Pi(x). r(x)‘
A Pa(x)

® 1(X)

N

>
X

Use the density ratio r(x)
as a mapping function
between distribution:

r(x): Pi(x) — Pa(x)

L(00|z) \ |

Neural Likelihood Ratio Estimation
‘Ratio Trick’

Activation
function

Output

s(X)

Input )
signals

o) pP—>

junction

Synaptic
weights

For a neural network with configurable set ® = {w;}".; parameters
and a given loss functional L(s) of the form:

£) == [ "z (plalf) - In(s(z)) + plal6r)  In(1 = s(z))

The extrema ( §L.(s5)/8s =0 ) of this general loss yields:
L s(@) _ plalfn)
s(x) plx|fy)

= 'I‘(:.'I:mn, 91)







Signed Probability Measures

— Decompose probability measure into a signed measure:

P[X € A] = L gx(x)dx® T PX eA]=L ax (x)dx" = [ (p+(x) — p—(x))dx"

4 A
P=P.-P_

Known as the Jordan Decomposition.

11



Signed Probability Measures

— Decompose probability measure into a signed measure:

P[X € A] = qu{x}fjxu :> PX €4 = [

ax (X)dx™ = [ (p+(x) — p_(x))dx"
oA A
P—P.-P_

JA

Known as the Jordan Decomposition.

— Signed Mixture Model decomposition translates
to a mixture of likelihood ratios:

ST ey piele)  For2 L {cop+<xry=o> <1—co>p_<x|Y=o>]‘1
r(z|fy, 0,.¢) = = r(z;c) = — —
O = S T o bl ot bl = b el 7y

I { cop+(z]Y = 0) (1 — co)p-(z|Y = 0)] o
I—c)p-@Y =1) " (1—c)p_(a]Y = 1)

r’ \ _1
C.
= J,0.
r(X|yO,y1,C>—ZiZj_ rl]
C.
L i,1 J
/,_/
COjefﬁCien'tS dcfined by the Train separate & unique
normalised ratio of +ve/-ve subsets calibratod NLRES (00
of the data to the total class weight CARL) for oo
Z Wi permutations of: Ed)
1 ~ | | ' N
P[+"J(y:1 X) IQ//L
\SQ / 1 2


https://github.com/sjiggins/carl-torch

Signed Probability Measures

— Decompose probability measure into a signed measure:

P=P.-P_

Known as the Jordan Decomposition.

— Signed Mixture Model decomposition translates

to a mixture of likelihood ratios:

Z,E-_'_] cia pi(x|6h)
ZL+'_] cj.0 pi(x|fo)

r(x|fy, b, c) =

( Input _ n _1
C. \/ 'Q\ output
e E, 2,9 35 5
i,1 SO\
LIYJ s v

Co-efficients defined by the
normalised ratio of +ve/-ve subsets
of the data to the total class weight

Train separate & unique
calibrated NLREs (see

CARL) for various
Z wj permutations of:
Pr(y=0 Ix
2, = Ply=0 1o
P[+,-](y=1 |X)

PX € A] = / gx(x)dx" =) PX € A] = [ gx (x)dx" = [{(PHXj — p—(x))dx"
A : J £

J A

Two Key Points:

1)

The sub-likelihood ratios are translated to the
positive domain by setting the weights of all data to
the absolute value:

w; — |Wl|

13



https://github.com/sjiggins/carl-torch

Signed Probability Measures

— Decompose probability measure into a signed measure:

P[X € 4] :ﬁgl—{x}rixn :\P) P[X € A] = [

J A

P=P.-P_

Known as the Jordan Decomposition.

— Signed Mixture Model decomposition translates

to a mixture of likelihood ratios:

Z,E-_'_] ci 1 pi(x|6h)
Zhl,-'_'_] cj.o pi(x|bo)

r(x|fy, b, c) =

r(X|yO,yl,C):Zi

Co-efficients defined by the
normalised ratio of +ve/-ve subsets
of the data to the total class weight

Train separate & unique
calibrated NLREs (see

CARL) for various
Z wj permutations of:
Pr4(y=0 Ix
2w, = Pray=0 k)
P[+,-J(y=1 |X)

gx (x)dx" = / (p+(x) — p—(x))dx"
J A

Two Key Points:

1)

The sub-likelihood ratios are translated to the
positive domain by setting the weights of all data to
the absolute value:

w; — |W,|

(2)
All signed information about the prob. measure is
contained in the constants

14



https://github.com/sjiggins/carl-torch

Signed Probability Measures

— Decompose probability measure into a signed measure:

P[X € A] = qu{x]dxn :> P[X € A] :f

ax (x)dx™ = [ (p+ (%) — p_(x))dx"

A JA
P=P., P_
Known as the Jordan Decomposition. v TSR U I ORI
oy
o . .. 2,75 0.49292503
— Signed Mixture Model decomposition translates G
to a mixture of likelihood ratios: 2.50 _ S
g 0.4 34
Z[+_] CL 1 plt (:I:| 91) o 0.49292497
'3’":33|9[1_-. 0. C] = E_'_ ] : 0462932 0.49202494
> o pi(xldo) .
0.492930 049292491
1.75
049292488
. 0492928
o 049292485
p 1.25 i 0.49292482
| r (X| C):Z Z m 1.00 0.492924 0.49292479
q YosY1, i ic ' 050 075 1.00 135 150 175 200 2325 ' ’
i,1 Co
L Optimise co-efficients and NNs using
normalised ratio of +ve/-ve subsets calibrated NLREs (see
f th h lcl igh . - . .
of the data to t etoti class weight CARL) f(i-r VaI‘lOfl.lS > ﬁPARE‘{?}e?}) = (l — - y)ﬁ
Z Wy permuta 101S Of:
ey | 4
[+ (y=
w = Pi(y=01x) . :
Z y Lij= Pl(y=1 Ix) Transformation of the signed R Yo + Y174(x)
y= neural likelihood ratio estimator : ¥(X) = ) 3
Yo T yire(x)

using class label yo,


https://github.com/sjiggins/carl-torch

How does this look?

Gaussian — Camel Function

16



Toy Model

Source: 2D Gaussian Distribution

1 )<2+y2

plx.yio)=o—exp(—5 2 )=p(x;0)ply ;o)

Where:
0=2.5

Reference Dataset Nonnegative Camel Distributions

0.028

0.024

0.020

no16

0012

0008

0.004

0.000

=004

Target: 2D Camel Distribution

p(x,y;A,B,0,,0,)=

_A+B'[A'p(x;y;01)+B'p<x:y;02ﬂ
Where:

01=2, o,=1.2

A=2, B=-1

Target Dataset Signed Camel Distributions

F o Target Sampiles
h F 1
r L i wsil

0.032
0.024
0016
0008
0.000
={.008
=0.016
=0.024
=0.032

=0.040

17



Toy Model

Source (y=0): 2D Gaussian Distribution Target (y=1): 2D Camel Distribution
p(x y-o'): 1 -eXp(—lX2+y2):p(x'o')p(y'o') p(X y'A B, o ()‘):L'[A'p(x y‘()‘)+B-p(X y'()‘)]
) ) 2ﬂ02 2 02 > > ) ) 5 ) 12 Y2 A+B ) ) 1 5 ) 2
Where: Where:
0=2.5 01=2, o,=1.2
A=2, B=-1

Target Dataset Signed Camel Distributions

Reference Dataset Nonnegative Camel Distributions

Bl Raterence Sample

0032
0.028

0.024
0.024

Dle
0.020
0.00E
0016

0.000

0012
={}, ({38

0008
=0.016

0.004 -0.024

0000 ={.032

0. 04 =0.040

Map from y=0 — y=1
using NLRE:

F(x): Py(x) P, (x) b



Neural Models

1) Basic Model:
Standard MLP estimating the likelihood ratio:

r(xyoy:)=

2) Signed Mixture Model &  Signed Mixture Model +:

4 standard MLPs comprising the signed mixture ® backwards propagation update
likelihood ratio with configurable co-efficients (c;): enabled for all 4 blocks
_ IV(_.EL'(S(I;CE)). — AV e L(s(3 )
—
=0
Bo °
r(x|.)’0’y1,c):@"< /—\\
N
e
/O @

3) Optimal:

Analytic solution for the optimal classifier/likelihood ratio:

p(X|t91)
p(x|(90)

r(X|00)81:C):

19



Neural Models

>~ Total Network Size:

~34.4 MB
%
N\
Total Network Size:
~35.9 MB
Vs

20



Toy Model: Observation space

Gaussian Mixture preliminary

- x’ Test Statistic

¥? Scores
020 F Legend Base / Target: 59.5113
[ Camel {ba SE} Basic Model [ Target: 4.0309
- _ SMM / Target: 12128
015F ___ Can:]el (target) e I =i, SMM+ / Target: 1.1997
,.g',@ [ L ___ Basic Model F“— "!;1_1 Ej_-.j' H Optimal / Target: 1.0387
. [ 1777 SMM B 5 A iy Dy -2(B||T)
|z 0.10 T SMM+ “,‘—P -LLL‘ : ir; 11 Base / Target: 0_143’\ Q-deformed
re=- Optimal ‘p| 1_—;_1"‘-'; 1'1. Basic Model / Target: 0.0175 Relative
005k """ of H‘L SMM / Target: 0.0031 Entropy:
SMM+ / Target: 0.0032
Optimal / Target: 0.0027
D,—>(BIIT)
120 =
@ 1 &
£ g
= o
g 110 E
Jis] ]
& 1 Z
Ben, o f do &
] B
[&]
=}
{
Z 5
=
=
=9
.
(8]
=
: g
2 g
g £
& =
E
[a ™
=3
g
o =
: E
) 3
=
[a ]
Per bin pull between the reference and the target Distribution of pulls across all bins.
Ideally want it to be Gaussian 21




Toy Model: Observation space

0.20

0.15
88

—=[z 0.10

T
<]
=]
)
=
wl
1]
M

Vs
Target
o

0.05

0.00

[

Gaussian Mixture preliminary

g Legend

[ Camel (base)

- Camel (target) ;,_1';1&_]_1“ e
[y i e, . LD ™

- L__! Basic Model o El-' "=ty
I s [ pﬂ_r‘ g
r L__!' SMM "-' iy EEC ____Ir_-:—_l '--l:f-
r L' SMM+ L ) 1

[ L __! Optimal - T

¥2 Scores
Base | Target:
Basic Model / Target:
SMM [ Target:
SMM+ / Target:
Optimal / Target:
Dy=2(B||T)
Base / Target:
Basic Model / Target:
SMM ( Target:
SMM+ / Target:
Optimal / Target:

61.5808
5.51563
1.4119
1.8601
0.9977

0.1466
0.0159
0.0028
0.0044
D.0022

-_20

10

1| S S

80

20

|||70

-5 0

Pull

Pull Frequency Pull Frequency Pull Frequency Pull Frequency
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Toy Model: Sample Space

Reference Dataset Nonnegative Camel Distributions

= Raferonso Samplos
— Raferenee Troa Dansity

— Characteristic shape of the distribution is
entirely encoded in the radial polar co-ordinate
‘r’ with angle 0’ uniformly distributed

Signed LR Application - Radial Distributions

0.4 _ [ Reference Samples
—— Reference True Density
Target Samples
—— Target True Density
0.3
0.2
2
-6 —4 -2 [} 2 4 L] Ul::’
- 3]
Target Dataset Signed Camel Distributions A
/‘_'\ ’/'_"\‘ Target Samples [
/ \ j.r"’ \\\ Target Trie Density 0.1k
4 - X —
0.032
0.024 0.0
0.016
0.008
ﬂaﬂu _0.1 C 1 1 | 1 1 |
0 2 4 6 8 10
=0,008 Radius (r)
-0.016 . . ..
— In x/y co-ordinates the negative/positive parts are
A maginalised away concealing the purely -ve region
-0.032

=0.040 23



Toy Model: Sample Space

Gaussian Mixture preliminary

05

04f
shy 03}
. 02

|
o o ©
— o -

Legend

Camel (base)

Camel (target)
L__1 Basic Model

L_.-! SMM
L' SMM+
L__. Optimal

‘-l:':‘\-—-____

1 . L . . L

2 Scores
Base / Target: 146.7446
Basic Model / Target: 11.7464
SMM / Target: 1.5266
SMM+ [ Target: 1.5481
Optimal / Target: 0.9575
Dy=2(B[|T)
Base | Target: 0.5209
Basic Model / Target: 9.0271
SMM / Target: 0.0021
SMM+ [ Target: 0.0042
Optimal / Target: 0.0004

—
o=
I

Basic Model
Vs
Target
|
[y
o ]
m (

1o 30 50
/_é\w“’\ﬁ—\/'/\\'\-vm\/\/\_f\—m o] _
1 1 . I"-ll'll—mnr. N . . .:
PRI N S R 1 ‘I-[ R T |;
— 0
_2-_ 1 1 ! N ! ! 1 ! N ! ! | | | T T R
1 5 6 7 =10 0 10
Pull

Radial component (r =1/ x? +y?)

20

20

10

120

10

20

Pull Frequency Pull Frequency Pull Frequency Pull Frequency






SMEFT example: ggHH

— Synthetic data generated for gg — hh process as an example
domain adaptation problem:

M=

= Mgm + Maims + M2 »

MLANW — ggHH SMEFT Warsaw Basis preliminary

100 F
I \ SM
- I SM (+ve)
80 N . SM (-ve)
i I SM+SMx6dim
60 1 SM+SMx6dim (+ve)
I SM+SMx6dim (-ve)
40 |
20 F
0 -_ ’J-[ i %%m———w— = —
-20} } |
| i i (*bin;};??gi(d) CH kin Cyh Cur | Cuc A
—40 & SM 0 0 0 0 [1TeV
[ i 1 495 | —6.81 | 3.28 0 1 TeV
| 3* 135 | 264 | 12.6 | 0.0387 | 1 TeV
—60 N . 6 0.561 | 3.80 | 2.20 | 0.0387 | 1 TeV
500 1000 1500 2000 2500

Mhn [GCV]
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SMEFT example: ggHH

— Synthetic data generated for gg — hh process as an example
domain adaptation problem:

M=

= Mgm + Mdime + Myime?

Quantum Intereference

MLANW — ggHH SMEFT Warsaw Basis preliminary

100 F
i \ SM
- I SM (+ve)
80 N . SM (-ve)
i I SM+SMx6dim
60 1 SM+SMx6dim (+ve)
I SM+SMx6dim (-ve)
40 B
20 F
0 -_ ’J-[ i %%m———w— = —
:\“i"
-20 &
| i i (*bin;};??gi(d) CH kin Cyh Cur | Cuc A
—40 & SM 0 0 0 0 [1TeV
e G 495 | —6.81 | 3.28 0 1 TeV
L 3* 135 | 264 | 12.6 | 0.0387 | 1 TeV
—60 N . 6 0.561 | 3.80 | 2.20 | 0.0387 | 1 TeV
500 1000 1500 2000 2500

Mhn [GCV]
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SMEFT example: ggHH

— Synthetic data generated for gg — hh process as an example
domain adaptation problem:

1+ 5% 80

- 40 |

= Mgsm + Maime + Mginme? 5

— Input domain, given by the 4-vectors of the final state
products:
gg — hh — 4u + 1j

| - XeR®

proton h proton

/+

W

w

L

MLANW — ggHH SMEFT Warsaw Basis preliminary

990009 R ) }
1+5% W
— A \ - s - . 100
200090 A—

20}

-20}

—40}

%/ | —60 |

\ SM
I SM (+ve)
I SM (-ve)
I SM+SMx6dim
1 SM+SMx6dim (+ve)
SM+SMx6dim (-ve)
j{ A %%ﬂxz&_—,_ - - —
q benchmark
i i (* = modified) CH xin Cyh Cur | Cuc A
i SM 0 0 0 0 |[1Tev
R : ] 1* 4.95 —6.81 | 3.28 0 1 TeV
]|_, 3" 13.5 2.64 12.6 | 0.0387 | 1 TeV
. 6" 0.561 3.80 2.20 | 0.0387 | 1 TeV
500 1000 1500 2000 2500
Mhn [GCV]
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ggHH: my, sample space

I

Basic Model

0.006

0.004

0.002

0.000 |

—0.002

SMEFT preliminary

¥% Scores
[ Legend
Base [ Target: 1286.0915
SM
- i g h . SM + SMxDim6 Basic Model / Target: 404.6619
-!'l *:-_- ";
..:F-! rd -, F;":hlq_ /izza_@) -~ Basic Model SN Target e
r-i-l‘— e i, g B 17771 SMM SMM+ / Target: 3.4071
B r 5 S Bhy _-_-_-'
o gl ) SMM+ Dq-2(B||T)
';l = "h"“-t‘h"“"“‘“**-—-——...-.____,_,_ Base / Target: 2.4935
- 000 :Ir' Basic Model / Target:  202.7084
1 [
"-I_I J__: SMM / Target: 0.0053
B N j" SMM+ { Target: 0.0014
B [ ke
i s Sl 1 1 1 1 | 1 |
[ lo 30 50 __30
— 20
4110
1 ' L L |||_||_|||-||l—r1||-|.1. .:0
i -1 60
140
[' - 20
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380
{40
20
A S ! AN RPN ' AP S I
900 1000 -50 0 50
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Neury) Quasiprobabilistic
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Context: Likelihood Function

— Likelihood function is key to the scientific method:
£(0]z) = po(z) = P(X = z|6)
— This is due to its prolific use in statistical inferencing problems via

its ratio form:
Neyman-Pearson

L(04|x
f'{-'ﬂ|H1-_HE} _ {_1|} Lemma
L(fp|x) e
— 9.1 1L
f]__R = 2-In (I:[:Hﬂhj)
Domain Adaptation Hypothesis Testing
— P —P®. 1) Background
- groun
A Pa(x) A .
—— Signal
+ Obs. = Data

>
X
Use the density ratio r(x)
as a mapping function Use the logarithm of the density
between domain spaces ratio r(x) to calculate confidence in

r(x): X — X excluding hypothesis Hy over H,




Context: Likelihood Function

— Likelihood function is key to the scientific method:

L(0]z) = po(z) = P(X = a[0)

— This is due to its prolific use in statistical inferencing problems via

1ts ratio form:

L(6,]|x)

= L(6o|z) \ |

r(x|d1.602)

Domain Adaptation

— Pi(x) —Pi(x). Y(X)‘
Pa(x)

L(s)

Use the density ratio r(x)
as a mapping function

I'(X): Xi—= X

For a neural network with configurable set @ =

Neural Likelihood Ratio Estimation

Activation
function

Output

s(Xx)

Input )
signals

() —>

junction

Synaptic
weights

{wi}Nic; parameters
and a given loss functional L(s) of the form:

—f d"x (p(x|dy) -
Rw

(s(x)) 4 p(x]61) - B(s(z)))

The extrema ( 0 L(s)/ds =0 ) of this general loss yields:

Al(x
B'(x

)

p(x61)
p(x|6y)

= 'T‘(.“I,‘|F)'U, 91)

)
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Signed Probability Measures @

— Decompose probability measure into a signed measure:

P[X € A = / gx(x)dx® === > PX€Ad]= L gx (x)dx" = L (p+(x) — p—(x))dx"

A

For a probability triplet (€2, F. P), one needs to show that
the o-additive function g : & — [ can be a signed measure
for any E € F:

plE)=p" (E) — p (E) (2)
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